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THE  ELIMINATION  FORM  OF  THE  INVERSE 
AND  ITS  APPLICATION  TO  LINEAR  PROGRAMING) 

The  inverae  (A  of  t  matrix  (A)  It  valuable  when  a  number  of  eete 
of  aquatlona  AX  -  b  ara  to  ba  eolved  ueing  different  bfa  and  tha  tana  A. 
A“\  Ilka  any  matrix,  may  ba  expreeaed  aa  the  product  of  othar  matrlcaa 


A'1  *  *»  M.-1  •  •  •  "l 

in  an  lnfinita  number  of  waya.  E.g.  (2)  ■  (1/2)  (i») 
If  va  have  auoh  M^,  .  .  .  ,  Mffl  we  can  aolva  AX  ■  b,  X 
of  atapa: 


X 


(1) 


X 


(2) 


■  (1/e )  (16)  ate. 
-  A“^b  in  a  aariaa 


X 


\  * 


(■-1) 


Tha  axpraaaion  ia  referred  to  aa  a  "product  form"  of  inverae. 

In  eome  problama  there  may  be  which  are  aaaiar  to  obtain  and  apply  than 
A*1  itaalf. 

Thie  paper  will  diacuaa  a  particular  product  f one  of  inverae  which  ia 
cloaely  related  to  the  Gauaeian  elimination  method  of  eolving  a  aet  of  eimul- 
tanaoua  aquatlona.  Thia  "elimination  fora  of  tha  inverae,"  aa  wa  a  hall  call 
"hi,  la  eepecially  valuable  whan  A  haa  a  large  number  of  zero  coefflclonta. 

If  A  haa  no  taro  coefficiente,  on  tha  othar  hand,  the  elimination  form  of 
inverae  ia  atill  generally  aa  convenient  aa  tha  conventional  A 


TTia  elimination  fora  of  inverae  can  be  illuatrated  in  terae  of  tha 
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solution  of  thr**  equations  in  thro#  unknowns : 

lj  *n  *1  *  *12  x2  •  *13  X3  '  ri 


2)  *21  *1  *  *22  X2  ‘*23  b  *  r2 


3)  *31  *1  *  *32  X2  *  *33  X3  '  "3 

F«r  th*  aaa«nt  w*  will  l*t  th*  k*21  d l*gon*l  *l«a«nt  b*  th*  k^*'  pivotxl  *1*- 
Mnt .  Pro®  equation  1)  wo  got  th*  first  equation  of  our  back  solution 
Bl)  ^  I  -  JJ  X 


11  11 


11 


V* 


eliminate  X.  from  equations  2)  and  3)  by  adding  (  -  —  )  times  th*  first 
th  hl 

_  A  J _ A  _  X  L.  _  J  W1 _ A  1 _  at-..—  .L  A  .  J  _  J  _  ... 


equation  to  th*  i  equation,  thus  obtaining 
2»)  b22  X2  *  b23  X3  -  r2 


3* )  b  X  ♦  b  X  -  r 

32  2  33  3  3 


where 


•  21  \ 

r2  "  r2 

r#  .  r 

3  3  \*,J  1 


Similarly  w*  got 


B2)  h  ’  F"  rj  ‘  5^  x3 
*■  °00  2  00  J 


and 


°33  X3  "  r3 


b 

M  *  10  * 

where  r.  ■  r  •  p«  r,  . 

3  3  “22  2 


Finally 


B3)  X-  -  ri-  r 

J  Caa 


1  _** 

'33  3 


B3)  girss  us  X3;  X3  and  B2)  giro  and  Bl)  gir*  X^ 
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Conoidtr  the  transformation*  which  ooourrad  to  our  original  right  hand 


th«n 


and  finally 
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Thua 


Similarly  If  A  la  any  ■  I  ■  non-sinjular  aatrix  v*  hart 


A  •  Bj  •  •  • 


■i 


whara  11^  ia  a  Mtrix  of  tha  fora 


-5- 


and  0^  la  of  tha  fom 

1 


1 

Although  this  oliatiLnation  fom  of  inrorao  aonsicta  of  2b- 1  aatrlooa 
2 

it  contain!  only  n  nuaboro  which  art  not  known  a-priori  to  bo  0  or  1.  It 
roquiroa  tho  aaao  nuabor  of  aultiplioationo  and  additiona  to  apply  tho  oli- 
aination  fom  aa  It  dooa  to  apply  tho  oonrontion&l  A~^.  Tho  arithaotic 
opomtiona  roquirod  to  obtain  tho  ...  .  .  .  R,-  and  to  apply 

thoa  on co  If*  oxactly  tho  aaao  aa  thoao  roquirod  to  aolvo  a  aot  of  linoar 
aquation a  by  Qauoaian  elimination. 

Suppoao  that  tho  kth  pi  rot  la  not  but  (whoro  y*  la  tho  taluo 

oo  * 

of  tho  paraaeter  of  ith  aquation  Tariablo  at  tho  atop).  Thia  atop 
tranofoma  tho  right-hand  aido  by 

1  rl 


ioro. 


Tha  aliai nation  font  of  tha  in  rana  in  this  out  it 


>-1 


tthtrt 


•  a  • 


B. 


•  ‘  *  1* 


t  •  • 


Vo 


«k* 


•  • 
1 


and  P  it  pa  imitation  matrix  tuoh  that  if  r*f .  la  a  pivotal  aloant  P  aakaa 


U 


tht  old  i^  c capon ant  of  (r)  bacoaa  tha  naw  J tn  componant  of  r. 


th 


That  A 


-1 


•  •  .  P  .  •  •  ,  i.a.,  that  AX  •  r  iapliaa  X  • 


tat 


P  .  •  •  K  r  aar  ba  tttn  at  followa.  Tha  tranafomationa  R  .  .  R  r 
1  »-l  1 

(irt  tht  right  hand  aidtt  of  tha  back  aolutiona  in  tha  original  aquation 
onlar.  Wa  oan  iaagina  rtordtring  tha  aquationa  ao  that  nav  firat  back  aolu- 
tion  it  tha  ona  «f  tht  font 


1i* 


'u 


\  ’  n1 

.th 


and  aiailarljr  tha  naw  k  back  aolution  ia  tha  ona  in  which  X^  waa  allainatad, 
Thia  raarranganant  changaa  tha  ordar  of  tha  axactly  aa  doaa  P.  Tha  laat 

book  aolution  ia  of  tha  fora 

Z  -4-  r 


Sineo  Is  now  th«  j#th  c  capon  out  of  ( r ),  (aa  doaoribod  Abort)  will 

■ 

tranafora  (r)  into  a  too  tor  with  X  in  tho  J^th  spot.  Tho  noxt  bAck  aolution 
it  of  tho  fora 


X  •  -i  r< 
\-i  T  1 


♦  n  i 


Since,  thonko  to  Bb  And  P,  ^  tho  J^th  co>|Pon*nt  ond  X^  io  tho  J^th 

ooaponont  of  (r),  Bb_^  tronoforao  (r)  Into  a  roetor  with  Xj  in  tho  J^^th 

•pot  ao  woll  AO  Xj  in  tho  ^th  opot.  And  ao  on. 

In  rooonding  or  R^  in,  aoy,  a  hand  computation  it  lo  not  noototAry 

to  wrlto  out  tho  on  tiro  matrix.  In  tho  coao  of  An  it  io  only  nocoaaary 

to  record  tho  i  oliainotod  And  tho  non-toro  .  In  tho  oaoo  of  a  it  only 

la  noooooory  to  rocord  tho  J  oliainotod,  tho  non-toro  n  And  1/pi Total  oloaont. 

1  2  i  ^ 

If,  for  oxomplo,  tho  pirotol  oloaonta  r^y  r^,  aro  uood  in  inrerting  a 
3x3  oAtrix,  tho  oliainAtion  fora  of  tho  inroroo  might  bo  rooordod  aa  in 
Table  1. 

Tablo  1. 


Right  Hand  Sido  Tranafo root iona 


k 

i 

oliainotod 

i 

r 

i 

r 

1 

1 

2 

3 

8.15 

2 

3 

2 

9.10 

3 

2 

a  Back  Solution 


k 

3 - 

oliainotod 

1 /( pi Total  oloaont) 

— 

J 

KR 

J 

B 

1 

3 

.84 

n 

1.06 

2 

6.45 

2 

1 

5.92 

2 

3.16 

3 

2 

1.08 

In  maohino  ocaputation  aa  woll  only  tho  non-trlrial  porta  of  B^  and  nood 


bo  atorod. 


p*4m 


If  tho  aatrlx  A  bat  a  larg#  nuabtr  of  toro  tht  tlimination  fora  of 

2 

lnvtrtt  amj  hart  approolablj  lttt  than  n  non  toro  r  t  And  T)  t.  This  aa?  bo 
•o  aron  though  A“^  hat  no  to  rot.  Thu*  tht  matrix 


hat  a  oonvtntional  invtrtt 


rl  - 


1  c 

l  0 

-1/2 

-1/2  1 

0 

0 

0  -1/2  1 

0 

0  c 

1  -1/2 

1 

16  A  5 

2A5 

4A5 

8A5 

8A5 

16A5 

2A5 

1.A5 

4A5 

8A5 

16  A  5 

2A5 

2A5 

4A5 

8A5 

It  A  5 

tnd  hat  on  ollminatien  font,  utlng  tht  ditfontl  tlaaontt  at  pivot* ,  of 


Right  Hand  3idt  1 
k  -  I 

1  olla.  1 


ttformttlon* 

r 

1/2 

1/2 

1/2 


Book  Solution 


Thu*  whllt  A  ha*  8  non-st rot,  A“^  hat  16  ntn-ttrot  and  tht  tliaination  fora 


hat  10  non- to rot. 
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The  number  of  non-zero  end  in  an  elimination  fora  of  Inverts  ujr 
depend  on  which  pivotal  elements  ere  ueed.  Suppoee  the  *'•  below  represent 
the  non-zero  elements  of  a  5  x  5  matrix. 


»  »  •  • 

*  t  « 

•  • 

* 

If  if  the  first  pivotal  element  the  non-zeros  et  step  two  ere  (barring 
sccldentel  zeros)  ee  follows 


•  »  »  * 

»  •  «  * 

•  *  *  • 

*  *  *  * 

But  if  a  or  a  is  the  pivotel  element  the  pettem  of  non-zeros  ie 

15  51 

*  *  *  • 

*  *  * 

•  * 

» 

A  teble  indiceting  zero  end  non-sero  coefficients  ie  e  valuable  eid  in 
the  choice  of  pivotel  elements.  Prom  such  e  table  en  agenda  (i.e.,  e  complete 
set  of  pivotel  elements)  can  be  chosen  before  computation  begins.  This  separa¬ 
tion  of  the  choice  of  the  agenda  end  actual  elimination  is  convenient  both  in 
hand  and  machine  computation.  ITiere  are,  nowever,  two  dangers  attached  to 
deciding  on  an  agenda  beforehand.  Some  pivotal  element  may  accidentally  become 
zero,  in  which  case  the  agenda  cannot  be  followed  to  the  end.  Or  some  pivotal 
element  may  turn  out  to  be  so  small  that  its  use  would  adversely  affect  the 
accuracy  of  the  results.  The  solution  to  these  difficulties  seams  to  be  to 
have  some  test  of  the  acceptability  of  a  pivotal  element;  form  the  agenda 
beforehand  and  follow  it.  as  long  as  each  pivotal  element  BMete  the  test.  If 
a  pivotal  element  fail*  the  teat,  e  new  agenda  can  be  worked  out  for  the 


ruining  equation#  and  variables.  When  A  haa  many  zero  coefficient*  the 
accuracy  of  the  and  is  improved  by  the  fact  that  lass  operations  are 
required  to  obtain  than. 

An  example  agenda  is  presented  In  Table  2.  The  X’e  represent  the  original 
non-zero  elesients  of  the  matrix.  The  Mfe  represent  coefficienta  which  began 
at  zeros  but  ended  as  non-zeros.  The  numbers  k  -  1,  .  .  .,43  in  the  matrix 
indicate  the  kth  pivotal  element.  The  number  (o^)  at  the  right  of  each  row 
indicates  the  number  of  elements  of  that  row  which  were  not  already  eliminated 
when  the  row  was  eliminated.  The  number  o  at  the  bottom  of  each  column 
indicates  the  number  of  elements  of  that  column  which  were  not  already  elimi¬ 
nated  when  the  coluar  was  eliminated.  One  of  the  by-products  of  making  an 
agenda  beforehand  is  foreknowledge  of  all  the  variables  which  will  appear  in 
any  equation  and  all  the  equations  in  which  a  variable  will  ever  appear. 

The  aatrix  which  Table  2  represents  was  the  optimum  basis  of  a  linear 
programming  problem  Involving  a  43-*quation  model  of  petroleum  industry. 

2 

This  matrix  has  197  non-zero  element#.  As  compared  with  a  possible  (43)  • 

1649,  the  number  of  non-zero  elements  in  the  elimination  fora  of  Inverse  is 
£  ♦£  (Oj-l)  •  E  Oj  ♦  £  Oj  -  43  •  201.  To  derive  this  inverse  requires 

£  p.  c.  •  247  multiplications  or  divisions  and  somewhat  less 

(i,J  pivotal) 

additions  or  subtractions. 

It  would  be  desirable  to  choose  an  agenda  so  as  to  minimize  the  number 
of  zeros  which  become  non-zero.  In  some  cases  it  is  harder  to  find  such  an 
"optimum"  agenda  than  to  invert  a  matrix.  An  alternative  is  to  choose  at 
each  step  the  pivot  which  minimizes  the  number  of  zeros  which  become  non-zero 
at  that  step.  A  still  simpler  alternative,  which  seems  adequate  generally, 
ia  to  choose  the  pivot  which  minimizes  the  number  of  coefficients  modified  at 


each  step  (excluding  those  which  ere  eliminated  at  the  particular  step),  This 
la  equivalent  to  choosing  the  non-sera  element  with  alni nun  (pi  -  l)(o^  -1), 
figure  1  illustrates  matrices  following  properties! 

a)  all  diagonal  elements  ^  are  non-sera 

b)  if  an  element  o^  or  in  the  column  or  row  is  non- zero,  then 
fll  elsmemts  between  o^  (or  o^)  and  o^  are  non- sera. 

It  is  trivial  to  find  an  optimum  agenda  for  such  matrices.  If  the 
diagonal  element  is  used  as  the  pivot,  no  sera  coefficient  will  became 

non-sere.  If  *  matrix  is  almost  of  the  above  form  except  that  a  few  seroa 
are  mixed  ia  with  the  non-terae,  then  using  the  k^  diagonal  element  as  the 
fctfc  pivot  majr  cause  the  "misplaced"  seroe  (and  only  these)  to  become  non-sera. 

figure  1. 


#  #  t  »  »  •  • 

a  tt#  ttt  • 

am  ttt  ttt  ttt 

aa»  ttt  * 

t  •  t  «  ttt  t  t  1 1  t  t  ttt 

•aaae  ••  ••«•••  • 


™  u  *  tfm*.  Aij  *■  » m  lil 


The  ijlpfbii  method  for  ealving  linear  programming  problsma  has  a  number 

* 

of  variants.  A  reoent  vertlen  requires  the  solution  of  two  seta  of  equation! • 
The  first  set  of  equations 

pfA  •  or  A*p  -  <r 

yields  prices  p  which  are  weed  to  aeleot  a  variable  Ig,  currently  equal  to 
aero,  to  bo  increased  until  some  "basis"  variable  becomes  sera.  The  seoond 
set  of  equations  is 

As  -  P# 

whtre  P#  is  a  aolumn  vestor  associated  with  the  variable  X^.  s  ia  used  to 

*0.  B.  Dantsig,  Alex  Orden,  &  Philip  Wolfe,  "The  Oeneraliaed  Simplex 
Method,"  BAUD  P-392-1,  4  August  1953. 
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datarmina  which  baaia  rariabla  firat  bacooaa  taro  at  it  incraaaad. 
Tha  aatrix  A  at  ona  itaration  diffara  from  that  at  tha  naxt  only  in  that 
tha  coluan  ractor  Pr,  irtiioh  wa  will  aaauma  to  ba  tha  colunn  of  A,  ia 


•  *1 

s 

A -  A^E 
Tha  inTaraa  of  A^k  +  1^  ia 
kW1  -  r1  a(1)'x 

whara 


i 


P-$50 

-15- 


In  an  aarly  variant  of  tho  aiaplex  *athod  tho  now  inraraa 

\  a 

,-1 


A<k.i) 


-i 


(w)-1 

•btainad  at  oaeh  atop  by  Multiplying  out  X  '  A'  '  .*  In  a  sort  raoant 


rwroion  tho  X 


(k) 


ara  carrlod  along  and  uaad  a a  produo t  fora  of  inraraa. 


If  tka  firat  ltaration  atarto  with  tho  idantity  natrix  than 


x(k)-1  .  g(k-l) 


-1  .(l)"1 

a  A  a  a  a  A 


If  tho  produot  fora  of  inraraa  io  uaod,  a a  k  inoroaaod  computing  tino 
raquirod  oar  ltaration  alao  lncraaaaa.  A  point  ia  onmtually  roach  ad  whan 
it  ia  daaimbla  to  rainrart  tha  currant  baaia  A  ^  *Sd  ^  and  lot 
A(k0**)  1  a  E(k0^k-1)  .  ^  .  E^k0)  a  (*0^ 

At  thia  point  tha  alinination  fora  of  lnvaraa  can  ba  of  mlua,  aapaclally 
if  A  haa  a  largo  nuabar  of  taroa,  ainoe  thia  for*  raquiroa  laaa  tlma  to 
obtain  and  apply. 

Rainrarting  A  la  only  part  of  tha  oparationa  lnrolrad  in  aolring  a 
linaar  programing  probla*.  Wa  tharefore  cannot  axpaot  to  obtain,  by  tho 
uaa  of  tha  ali*ination  for*,  tha  aa*a  parcantaga  raductlon  in  computing  tin# 
for  tha  whola  linaar  programing  problan  u  we  obtain  for  tha  rainvaraion 
of  A.  Whan  a  nor*  conrenient.  for*  of  inraraa  la  arailabla  it  *ay  ba  daalrabla 
to  rainTart  *ora  frequently.  To  aaa  tha  of  fact  of  a  mora  convenient  fora 
of  inraraa  on  tha  frequency  of  rainraralon  and  tha  time  raquirod  to  aolva  a 
linaar  programing  problan,  wa  nuat  axplora  tha  quaation  of  optimum  rain- 
ra r* ion  policy. 

Wa  will  firat  darira  ao*a  naat  raaulta  undar  oararal  raatrictira  aaauop- 
tlona.  Aftarwardia  wa  will  ahow  computing  procaduraa  for  obtaining  an  optlaua 
rainraralon  policy  undar  mora  ganaral  aaauaptiona. 


♦See  Gaorga  B.  Dantaig,  "Maximitation  of  a  Linaar  function  of  Variablaa 
Subject  to  Linaar  Inequalities,"  pp.  339-347,  and  Robart  Dorf*an,  "Application 
of  tha  Simplex  Method  to  a  Gama  Theory  Problem,"  p.  356  in  Activity  Analyoia 
of  Production  and  Allocation,  T.  C.  Koopaane,  Ed.,  New  Tork,  1951 

♦♦Sea  Gaorga  B.  Dantaig,  "Tha  Product  For*  for  tha  Inraraa  in  tha  Si*plex 
Method,"  in  Mathematical  Tablet  and  Other  Alda  to  Computation,  VIII,  No.  46. 
April,  1954. 


P-6S0 

-16- 


It  hat  been  obterred,  with  stop  watch  at  wall  at  theory,  that,  with 
tha  RAND  linaar  progruaing  coda  for  tha  IBM  701,  tha  computing  tiae  raquirad 
par  iteration  lncraaaaa  linearly  with  tha  n\tabar  of  iterationa.  Lat  ua  aeauae, 
for  tha  aoaent,  that  (a)  tha  problaa  atartt  with  a  flrat  bat  It  to  ba  in  re  rt  ad  { 
(b)  tha  tlma  raquirad  for  thla  flrat  lnraralon  la  tha  aaaa  aa  that  for  any 
aubaaquant  reinreraion;  (c)  tha  computing  tlma  raquirad  tinea  tha  baginning 

of  a  (re)inreraion  it  a  quadratic  function  of  the  nuabar  of  ltarationa  tinea 

2 

than,  t  •  o  ♦  3  I  ♦  v*iere  ot,  $,/>  0.  Lat  ua  furthar  aeauae,  for  tha 

Hoaiant,  that  tha  nuabar  of  ltarationa  T~ raquirad  to  eolre  tha  problaai  it 
known  baforahand. 

Suppoaa  It  ware  decided  that  there  would  ba  n  inrartiont  (n  -  1  rein- 

th  th 

raralona).  Lat  -  tha  nuabar  of  ltarationa  between  tha  1  and  1+1 
lnraralon  (for  1  -  l,..,n  -  1).  Lat  •  tha  nuabar  of  ltarationa  froa  tha 

nth  lnraralon  to  tha  and  of  tha  problaa.  Total  time  (T)  raquirad  it 

T  -  £  a  +  0al  + 

1-1  1 

where 
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The  optiaua  aolution  auat  aatiafy  tha  Lagranglan  aquationa 
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.'.  3  +  2  X&I  -  s.  -  0  for  all  1 

•  •  A  1^  la  tha  aaaa  for  all  1 

We  can  therefore  rewrite  tha  expreaalon  for  T  at 
T  •  n(o  +  31  ♦  f  I2) 

where  I  -Al^  -  I 
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T  -  cm  ♦  31 


dT  -  a  -K2 


d2?  -  2  >r 


ft  r 

Sine*  >  0  for  *11  n  >  0,  *nd  sine#  T  -»  *•  n  0,  any  n  >  0  with 

dn 

dT 

2S  "  0  «lr*#  *  minimum  value  of  T  for  *11  n  >  0.  If  such  an  n  1*  non-integral 

th«  best  integral  value  it  either  th*t  immediately  above  n,  or  th*t  immediately 

below  n,  or  both 
^  dT  „ 

“'•"s:  * 0 


Lot  u*  assume  that  n  la  Integral.  Then  the  optimum 
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The  l*et  expression  can  be  uaed  for  estimating  the  tine  to  be  a*rod  by  using 
*  acre  convenient  form  of  inverse.  Thus — given  our  various  assumptions— if  a 
new  method  of  inversion  oould  produce  an  inverse  in  one-fourth  the  time  (a)  and 
beoause  of  its  coaipaotness  it  permitted  the  first  subsequent  iteration  to  be 
done  in  one-half  the  time  (p,  roughly ),  the  whole  linear  programming  problem 
could  be  done  in  one-half  the  time. 

Let  us  now  suppose  that  I  is  not  known  but  has  an  a-priori  probability 


distribution  (derived  presumably  from  past  linear  programming  problems).  We 
may  as  well  also  drop  the  quadratio  assumption  on  t.  Ws  define 


the  expected  ralue  of  r 


where 


ru- 


0  when  I  <  1 

The  (expected )  tine  required  to  (re)lnrert  the  aatrlx  at 
1  and  iterate  through  J-l  without  re  inverting — If  T  >  J. 

The  expected  tine  from  the  beginning  of  the  reinrersion 
at  it  to  the  end  of  the  problae  if  i  ^  I<  j. 


Suppose  the  points  of  reinrersion  are  before  iterations  1^,  .  .  . ,1^  (sines 
reinrersion  points  can  be  chosen  with  1^  so  large  that  there  is  a  seto  proba¬ 
bility  that  this  Iteration  will  occur,  there  is  no  loss  of  generality  in 
assuming  a  fixed  K).  Expected  time,  to  be  minimised,  is 

1  h  Zl  l2  n-lIK 

A  A 

The  optimal  raluo  of  1^  of  1^  could  be  calculated  if  1^  were  know.  It  is  giren 

a 

by  the  function  I.  (I_)  which  minimises  a,T  ♦  a  for  rarious  ralues  of  I 

1  *•  * 

and  which  can  be  readily  computed. 


Define 

»j  -  *i  d2)  ♦  (i2),i. 

J/Ii 

We  now  only  need  to  ainialse 


V  *  \  S 
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I  I 
l-l  K 


We  repeat  the  prooess  until  we  hare 
E-a 


'  1  I 

1#  *  *  ^K-l 

from  which  we  get  I  dfed  work  back  through 

K 

L  ,  (I  ),  I  (I  ),  etc. 

M  l  K-2  K-l 
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It  14  odtwon  for  tho  aatrleoo  in  industrial  applications  of  liaoar  pro¬ 
graming  t#  hart  «  larga  proportion  of  toro  ooofficionta.  Whilt  mry  It  pa 
(row  ba tori Al,  lntornodiato  notarial,  ond  itsw,  oquipwont  itaw)  in,  say,  a 
•tool  plant  way  bo  in  i««  nannar  rolotod  to  orofy  othor,  any  parti  sular 
proooo*  uaoo  Tory  fow  of  thooo.  Thua  tho  matrix  doocribing  otool  tochnology 
has  a  owall  pore  on  toga  of  non-aoros.  If  tpatlal  or  temporal  diatlnctiono 
aro  introduced  into  tha  nodal  tho  pore  on  tags  of  non- toro  a  gonorally  folio 
farther.  Thuo  if  a  oro-tiao  poriod,  ono-ploco  model  uooo  a  equationo  ond 
hao  q  non- toro  oooffiolanta ,  on  3  plaeo,  T  tint  poriod  aodol  usually  baa 
about  STm  aquations  and  tho  proportion  of  non-toro  coofficlonto  la  roughly 

-.■■|gg— .  -  JLsl 

m  s? 

4  T  ■ 

dan  K  la  weually  about  2. 

If  3  or  T  la  doablod  it  aay  gonorally  bo  oxpootod  that  tho  tine  roquirod 
par  1  to  ration  by  a  1  in  oar  progfaaaing  proooduro  which  dooa  not  taka  ad  ran  tag  a 
of  soroo  will  itaroaaa  by  a  factor  of  4.  If  an  alininatlon  fora  of  inroroo 
la  wood  wo  way  expeat  o»,  p  and  r  ir  t  •  o<  *  ^1  ♦  fl  to  roughly  doublt,  and 
thoroforo  tiao  par  its  rati  on  (approximately  $  ♦  )  to  alao  double. 


